We construct a group measure space II 1 factor that has two non-conjugate Cartan subalgebras. We show that the fundamental group of the II 1 factor is trivial, while the fundamental group of the equivalence relation associated with the second Cartan subalgebra is non-trivial. This is not absurd as the second Cartan inclusion is twisted by a 2-cocycle.
Introduction and statement of the main results
Murray and von Neumann introduced the fundamental group for type II 1 factors in [MvN43] . This notion is not related to the fundamental group of a topological space, but instead is a subgroup of the positive real numbers. Murray and von Neumann showed that the fundamental group of the hyperfinite type II 1 factor is R * + itself. They were not able to compute the invariant for any other II 1 factor. Their line "the general behavior of the above invariants -including fundamental groups -remains an open question" still has some truth today. Calculating the fundamental group of a II 1 factor is a very difficult problem.
In fact, it took almost 40 years before one proved that the fundamental group of a II 1 factor can be different from R * + . The first examples of II 1 factors with "small" fundamental group were given in [Co80] , as Connes showed that the fundamental group of a property (T) factor is countable. However up to now, one is unable to compute the fundamental group of any property (T) factor.
The first explicit computations of fundamental groups of II 1 factors, other than the hyperfinite one, were established around 2002. Using his deformation-rigidity theory, Popa proved that the fundamental group of the group von Neumann algebra L(SL 2 (Z) ⋉ Z 2 ) is trivial ( [Po02] ). Later he showed that any countable subgroup of R * + arises as the fundamental group of a type II 1 factor ( [Po03] ). Alternative constructions for these results can be found in [IPP05] and [Hou07] .
In [PV08a] and [PV08c] , Popa and Vaes showed that a large class of uncountable subgroups of R * + appear as the fundamental group of a type II 1 factor. This was done through an existence theorem, using a Baire category argument. In [De10] , Deprez provides explicit examples of this phenomenon.
In this paper we study the link between the fundamental group of a II 1 factor and the fundamental group of the equivalence relation associated to a Cartan inclusion in the factor. The notion of fundamental group for countable equivalence relations is the natural translation of the notion for II 1 factors. More or less parallel to the results mentioned above, rigidity theory for equivalence relations became more developed, yielding calculations of fundamental groups of equivalence relations in [GG87] , [Ga01] .
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Statements of the main results
We first fix the setting of the example. Notation 1. Let n ≥ 6 even and define Σ as
where Λ is a countable infinite group. Let q : Γ → SL n (Z) be the quotient map, i.e. q(g) = g for all g ∈ SL n (Z) and q(λ) = e for all λ ∈ Λ. Fix a prime p and consider the action Γ α Z n p through q. Remark that this action preserves Z n . Write G := Z n ⋊ Γ.
) g∈Γ . Now consider the action G X, where Z n acts by translation after embedding by i, and Γ acts by Bernoulli shift. One can see that this is a free ergodic probability measure preserving action. Throughout this paper we denote by M
the associated group measure space II 1 factor.
We will prove that M has a Cartan subalgebra that is non-conjugate to L ∞ (X). We describe the associated equivalence relation, that comes with a non-trivial 2-cocycle. We compute its fundamental group as well as F(R(G X)). 
This theorem follows from Theorem 13, Theorem 17 and Theorem 21.
Preliminaries

Group actions on measure spaces
Definition 3. [Po03, §1.5] Let G be a locally compact second countable group and G (X, µ) a Borel action preserving the finite or infinite measure µ. The action is called s-malleable if there exists
• a one-parameter group (α t ) t∈R of measure preserving transformations of X × X,
• an involutive measure preserving transformation β of X × X, such that
• α t and β commute with the diagonal action G X × X,
• β(x, y) ∈ {x} × X for almost all (x, y) ∈ X × X,
Definition 4. A non-singular action G (X, µ) of a locally compact second countable group G on a standard measure space (X, µ) is called essentially free and proper if there exists a measurable map π : X → G such that π(g · x) = gπ(x) for almost all (g, x) ∈ G × X.
Definition 5. Let Γ α (X, µ) and Λ β (Y, ν) be essentially free, ergodic, non-singular actions of countable groups on standard measure spaces.
• Let δ : Γ → Λ be a group isomorphism. A δ-conjugacy of the actions α and β is a non-singular isomorphism ∆ : X → Y such that ∆(g · x) = δ(g) · ∆(x) for all g ∈ Γ and a.e. x ∈ X.
• A stable orbit equivalence between the actions α and β is a non-singular isomorphism ∆ : Remark 6. Let Γ α (X, µ) and Λ β (Y, ν) be essentially free, ergodic, probability measure preserving actions of countable groups on standard measure spaces. By definition, a stable orbit equivalence between α and β is a measure space isomorphism ∆ :
for a.e. x ∈ X 0 . By ergodicity of Γ X, we can choose a measurable map Θ : X → X 0 satisfying Θ(x) ∈ Γ · x for a.e. x ∈ X. Denote ∆ 0 := ∆ • Θ. By construction ∆ 0 is a local isomorphism from X to Y . This means that ∆ 0 : X → Y is a Borel map and that X can be partitioned into a sequence of non-negligible subsets W ⊂ X, such that the restriction of ∆ 0 to any of these subsets W is a measure space isomorphism of W onto some non-negligible subset of Y . Also by construction ∆ 0 is orbit preserving, meaning that for a.e. x, y ∈ X we have that
Definition 7. Let Γ α (X, µ) be an essentially free, ergodic, non-singular action of a countable group on a standard measure space. We say that α is induced from Γ 1 X 1 , if Γ 1 is a subgroup of Γ, X 1 is a non-negligible subset of X and g · X 1 ∩ X 1 is negligible for all g ∈ Γ − Γ 1 .
Fundamental groups
The fundamental group F(M ) of a II 1 factor (M, τ ), introduced in [MvN43] , is defined as the following subgroup of R * + .
An ergodic probability measure preserving measurable equivalence relation with countable equivalence classes on a standard probability space (X, µ) is called a II 1 equivalence relation. The fundamental group F(R) of a II 1 equivalence relation R is defined as
Different types of mixing
Definition 8. [Sch84, §2] Let G be a countable group, (X, µ) a standard probability space and G X a probability measure preserving, ergodic action. We say that G X is 1. weakly mixing if for every ǫ > 0, every n ∈ N and all measurable A 1 , . . . , A n ⊂ X there is a g ∈ G such that for all i, j ∈ {1, . . . , n} we have Examples of actions satisfying the strongest of these conditions include all Bernoulli actions of countable groups. 
If we restrict G (Y, ν) to probability measure preserving actions on standard probability spaces, Proposition 9 gives a characterization of weakly mixing actions. It is now clear that 3 ⇒ 2 ⇒ 1 in Definition 8. Lemma 12. Let G (X, µ) be a non-singular action of a countable group G on a standard measure space (X, µ). Let ω : G × X → G be a 1-cocycle with values in the Polish group G with a bi-invariant metric. Let H < G be a subgroup and assume that ω(h, x) = δ(h) for all h ∈ H and a.e. x ∈ X, where δ : H → G is a group morphism. For any g 0 ∈ G such that the diagonal action
Cocycle superrigidity
Proof. For any h ∈ H 0 denote α(h) = g 0 hg −1 0 and remark that h, α(h) ∈ H. For all h ∈ H 0 and a.e. x ∈ X we have
Then ϕ is essentially invariant under the diagonal action H 0 X × X, as the metric is bi-invariant. But as H 0 X × X is ergodic, ϕ has to be essentially constant, hence 0. This proves that x → ω(g 0 , x) is essentially constant.
3 The fundamental group of M is trivial
We first prove two general lemmas.
Definition 14. Let p be a projection in a von Neumann algebra M . Denote by Z(M ) the center of M and by z M (p) the central support of p in M . We define the * -isomorphism
Lemma 15. Let K be a compact abelian group with countable dense subgroup Z. Let Γ 1 and Γ 2 be two countable groups with a common subgroup
where Z acts on K Γ by translation after embedding by i and Γ acts by Bernoulli shift.
Let p be a projection in M and let
1. There exist projections q, r ∈ B such that after composition of α with an inner automorphism of M , we have α(q) = r and α(qBq) = rBr.
Furthermore, the * -isomorphism
given by the composition of
is a stable orbit equivalence between the action Γ K Γ /i(K) and itself.
Proof. 
))s has finite index and bv = vθ(b) for all b ∈ Z(B). Manipulating s, v and θ, we obtain projections z ∈ Z(B), t ∈ α(Z(B)), a non-zero partial isometry v ∈ M t and a unital * -isomorphism θ :
Remark that Z(B) ′ ∩ M = B, vv * ∈ Bz and v * v ∈ α(B)t. One verifies that vα(Z(B))v * = vv * Z(B)vv * . By taking relative commutants in vv * M vv * , it follows that vα(B)v * = vv * Bvv * . Extend v to a unitary u ∈ M . Define q := α −1 (v * v) ∈ B and r := vv * ∈ B. Then (Ad u•α)(q) = r and (Ad u • α)(qBq) = rBr.
We now prove the second part of the lemma. For any projection q ∈ B define the set I q as follows:
For every v ∈ I q there exists a unique * -isomorphism
Denote by Q ⊂ X/i(K) the support of the projection z B (q). By construction the restricted orbit equivalence relation R(Γ X/i(K)) |Q is generated by the graphs of θ v with v ∈ I q . To conclude the proof it suffices to remark that α(I q ) = I r .
Recall that an infinite subgroup H of a group Γ is wq-normal in Γ if there exists an increasing sequence (H n ) n of subgroups of Γ with H 0 = H, ∪ n H n = Γ and such that for all n the group H n is generated by the elements g ∈ Γ with |gH n−1 g −1 ∩ H n−1 | = ∞.
An inclusion of groups H ⊂ Γ has the relative property (T) of Kazhdan-Margulis if any unitary representation of Γ that almost contains the trivial representation of Γ must contain the trivial representation of H. We call such H a rigid subgroup of Γ.
Lemma 16. Let K be a compact group and let Γ be a countable group. Assume that Γ admits an infinite rigid subgroup that is wq-normal in Γ. Assume that Γ acts on K by continuous group automorphisms
K Γ where K acts by translation after embedding by i and Γ acts by Bernoulli shift, is U f in -cocycle superrigid.
K Γ with values in a Polish group of finite type. By Popa's cocycle superrigidity theorem [Po05, Theorem 0.1] we may assume that the restriction ω : Γ × K Γ → G is a group morphism δ, i.e. ω(g, x) = δ(g) for all g ∈ Γ and a.e. x ∈ K Γ . It remains to prove that ω |K×K Γ is a group morphism.
For all g ∈ Γ, k ∈ K and a.e. x ∈ K Γ we have
Remark that for Γ = SL n (Z) * Σ (Σ × Λ) as in Notation 1, SL n (Z) is an infinite rigid subgroup that is wq-normal in Γ. We now prove Theorem 13.
Proof of Theorem 13. Let p be a projection in M and let α : M → pM p be a stable automorphism of M . We will prove that p = 1, i.e. α is an automorphism of M . This means that F(M ) = {1}.
Denote K := Z n p and Z := Z n . Recall that X = K Γ with Γ as in Notation 1 and that
where Z acts by translation after embedding by i and Γ acts by
. By Lemma 15 there exist projections q, r ∈ B such that after composition of α with an inner automorphism of M , we have α(q) = r and α(qBq) = rBr.
is a stable orbit equivalence of the action Γ X/i(K). To simplify notation in the rest of the proof, we will use z(q), z(r) for z B (q), z B (r) respectively.
. By ergodicity of the action Γ X/i(K), we can extend ∆ 0 to a local isomorphism from X/i(K) to X/i(K) that is orbit preserving, as explained in Remark 6.
Let G 1 be the locally compact second countable group K ⋊ Γ, having K as a compact open normal subgroup. By Lemma 16 the action G 1 σ X where K acts by translation after embedding by i and Γ acts by Bernoulli shift, is U f in -cocycle superrigid. Remark that the restricted action σ |K is proper by compactness of K and that
Since the action Γ X/i(K) is mixing, it is not induced from a proper subgroup. Applying [PV08b, Lemma 5.10] to the stable orbit equivalence ∆ 0 between the action Γ X/i(K) and itself, we find an open normal subgroup K 1 ⊳ G 1 such that the following holds.
(i) The restricted action σ |K 1 is proper.
(ii) The actions G 1 /K 1 X/K 1 and Γ X/i(K) are conjugate through a non-singular isomorphism ∆ : X/K 1 → X/i(K) and a group isomorphism δ :
Since the restricted action K 1 X is essentially free and proper, there exists a measurable map π : X → K 1 such that π(k · x) = kπ(x) for almost all (k, x) ∈ K 1 × X. Then the pushforward of the invariant probability measure on X is an invariant probability measure on K 1 . So K 1 is compact. Since K 1 is a compact normal subgroup of G 1 = K ⋊ Γ, the image of K 1 in Γ is a finite normal subgroup of Γ. Being an icc group (i.e. a group with infinite conjugacy classes), Γ has no non-trivial finite normal subgroups. It follows that the image of K 1 in Γ is trivial, so that K 1 ⊂ K.
As K 1 is open and K is compact, K 1 is a finite index subgroup of K. So K/K 1 is a finite normal subgroup of G 1 /K 1 . By (ii) the group G 1 /K 1 is isomorphic to Γ, hence G 1 /K 1 has no non-trivial finite normal subgroups. But then K/K 1 is trivial, so K 1 = K. It follows that δ is a group automorphism of Γ and that ∆ : X/i(K) → X/i(K) is a δ-conjugacy between the action Γ X/i(K) and itself, satisfying
for almost all x ∈ X. Remark that ∆ is a measure space isomorphism, as any conjugacy between ergodic probability measure preserving actions is measure preserving. In particular, the compression constant of ∆ 0 is 1.
Then, by ergodicity of the action Γ X/i(K), one can build a measure space isomorphism
In particular,∆ 0 still satisfies (2) for almost all x ∈ X.
It follows that there exists a unitary
. To summarize, we found a group automorphism δ of Γ and a δ-conjugacy ∆ of the action
Let τ be the unique tracial state on M . We show that after composition with an inner automorphism of M , α satisfies
where p 0 is a projection in B of trace τ (p)τ (z(q)). The proof makes use of the following equality. For every projection q 0 ≤ q we have
Here E Z(B) denotes the unique trace preserving conditional expectation of M onto Z(B). To see that (4) holds, first remark that α(xq) = Ψ(x)r for all x ∈ Z(B). Then use the fact that α is τ -scaling (τ • α = τ (p)τ ) and that E Z(B) and Ψ are τ -preserving to show that
for all x ∈ Z(B). Formula (4) follows.
We will show that there exist partial isometries v n , w n ∈ B satisfying the following properties:
Then define p 0 := w n w * n . Note that p 0 is a projection in B of trace τ (p)τ (z(q)). Define
It remains to prove the existence of the partial isometries in (5). Consider the set
Remark that {(q, r)} ∈ J . The set J is partially ordered by inclusion. By Zorn's lemma, take a maximal element {(v n , w n ) | n} of J . It suffices to show that v n v * n = z(q). Assume that v n v * n < z(q). Then there exists a partial isometry v ∈ B such that v * v ≤ q and vv * ≤ z(q) − v n v * n . We claim that
where ≺ refers to the comparison of projections in B. So there exists w ∈ B such that w * w = α(v * v) and ww * ≤ z(r) − w n w * n . This means that we can add (v, w) to the family {(v n , w n ) | n}, contradicting its maximality. It remains to prove (6). Using (4) we find that
On the other hand
(z(r) − w n w * n ) and (6) follows.
We now have that α(b) = Ψ(b)p 0 for all b ∈ Z(B)z(q). Note that E Z(B) (p 0 ) = τ (p)z(r). Using ergodicity of the action Γ X/i(K), one builds a unitary in u ∈ M such that after composition with Ad u, α satisfies
wherep is a projection in B.
Denote by (σ g ) g∈Γ the action of Γ on L ∞ (X) ⋊ Z, implemented by Ad u g and corresponding to the Bernoulli action on L ∞ (X) and given by α g on LZ.
Since the relative commutant of
Note that
By Theorem 23 (see Section 6) there exists a projection q ∈ B(ℓ 2 (N)) ⊗ LZ with (Tr ⊗τ )(q) = τ (p), a partial isometry v ∈ B(C, ℓ 2 (N)) ⊗ (L ∞ (X) ⋊ Z) and a family of partial isometries γ g ∈ q(B(ℓ 2 (N)) ⊗ LZ)σ g (q) satisfying γ g γ * g = q, γ * g γ g = σ g (q) and γ gh = γ g σ g (γ h ) such that
Here we view B(C, ℓ 2 (N)) ⊂ B(C ⊕ ℓ 2 (N), C ⊕ ℓ 2 (N)).
Denote by E the map Tr ⊗id : B(ℓ 2 (N)) ⊗ LZ → LZ. Since q and σ g (q) are equivalent in B(ℓ 2 (N)) ⊗ LZ, we get that E(q) = σ g (E(q)) for all g ∈ Γ. Remark that (LZ, τ ) is isomorphic to (L ∞ (T n ), λ) where λ denotes the Lebesgue measure on T n . By ergodicity of the action Γ T n , it follows that E(q) is equal to a constant C = 0. Viewing q as a measurable function on T n that takes values in the projections of B(ℓ 2 (N)), we have that Tr(q(x)) = C for almost all x in T n . In particular, Tr(q(x)) ≥ 1 almost everywhere. Integrating over T n , we find that (Tr ⊗τ )(q) ≥ 1. Because (Tr ⊗τ )(q) = τ (p) ≤ 1, we must havep = 1. This means that α is an automorphism of M .
4 M has a Cartan subalgebra that is non-conjugate to L ∞ (X)
X). The associated equivalence relation is the orbit equivalence relation of the action
where Z n p acts on T n = Z n by translation and trivially on
, and Γ acts on both factors in the natural way.
We will prove this theorem using the more general Lemma 18 below.
Lemma 18. Let Z be a compact abelian group and Z < Z a countable subgroup. Let Z 0 < Z be an infinite subgroup. Assume that Z acts on Z by translation. Let Γ be a countable group that acts on Z by continuous group automorphisms (α g ) g∈Γ preserving Z and Z 0 . Define
for all g ∈ Γ 0 \{e}.
Assume finally that Z
) is a Cartan subalgebra of M and the induced equivalence relation on
, where
by translation and Γ acts on both factors in the natural way.
Proof. Writing the Fourier decomposition of an element in M , one easily checks that
Now let x ∈ L ∞ (
So for all (s, g) ∈ Z ⋊ Γ 0 , we get that f a (s,g) = f (sZ 0 , g) −1 · a (s,g) for all f . By assumption {x ∈
for all g ∈ Γ 0 \ {e}. By [SV11, Lemma 5] we find that
In combination with (7), we get that A is maximal abelian in M .
For any ω ∈Ẑ we define the unitary U ω ∈ L ∞ (Z) by U ω (x) = ω(x). One easily checks that A is normalized by {u s | s ∈ Z}, {u g | g ∈ Γ} and {U ω | ω ∈ Z}. So A is regular in M and hence A is a Cartan subalgebra of M .
It remains to understand the induced equivalence relation. We check how Ad u s , Ad u g and Ad U ω act on A for s ∈ Z, g ∈ Γ, ω ∈ Z. We found actions of
It is clear that Ad
It follows that the induced equivalence relation is given by the orbits of the action
where
by translation and Γ acts in the natural way.
Proof of Theorem 17. Let Γ be as defined in Section 1. We apply Lemma 18 for Γ Z = (Z n p ) Γ and Z = Z 0 = Z n , where we embed Z n into (Z n p ) Γ by i : Z n → (Z n p ) Γ : z → (α g (z)) g∈Γ . Remark that for any g ∈ Γ the set {z − α g (z) | z ∈ Z n } is either infinite or trivial. Indeed, if x ∈ {z − α g (z) | z ∈ Z n } then all integer multiples of x are also in this set.
So the conditions of Lemma 18 are satisfied and L
where Z n p only acts on T n = Z n and Γ acts on both factors.
From now on we denote by R 2 the equivalence relation associated with the Cartan algebra
5 The fundamental group of R 2 is non-trivial Finally, we prove that the fundamental group of the equivalence relation given by Theorem 17 is non-trivial and can be explicitly computed, using techniques from [PV08b] .
The following lemma can easily be checked.
where z = gcd(µ 1 , . . . , µ n ).
We now describe the SL n (Z)-invariant subgroups of Z[
T with a i,j ∈ Z for all i, j. By Lemma 19, G = ( a p l Z) n with a = gcd i,j (a ij ). Suppose G is not finitely generated. Then, using Lemma 19, for each k ∈ N we find m k ≥ k and a k ∈ Z, p ∤ a k such that (
Theorem 21. Let G X as in Notation 1. Denote by R 2 the equivalence relation associated with the Cartan subalgebra
Proof. It follows from Theorem 17 that R 2 is the orbit equivalence relation of the action
. We will compute its fundamental group using [PV08b, Lemma 5.10]. Therefore we write the action as a quotient actionG N X N . Recall that q : Γ → SL n (Z) denotes the quotient map. Let Γ act on Z[
acts by translation after embedding by i and Γ acts on R n through q and on (Z n p ) Γ by Bernoulli shift. Set N = Z n × Z n p . Then N ⊳G is an open normal subgroup and the restricted action N X is proper. Observe
. We will prove Theorem 21 in two steps.
Step 1:G X is U f in -cocycle superrigid.
We first prove that SL n (Z) X is U f in -cocycle superrigid, using [PV08b, Theorem 5.3]. So we need to prove that SL n (Z) X is s-malleable, that the diagonal action SL n (Z) X 2 has property (T) and that the 4-fold diagonal action SL n (Z) X 4 is ergodic.
As SL n (Z) (Z n p ) Γ is a Bernoulli action with diffuse base space, it is s-malleable (see [Po03, §1.6]). Also SL n (Z) R n is s-malleable (see the proof of [PV08b, Theorem 1.3]), hence so is SL n (Z) X .
Next we prove that SL n (Z) X 2 has property (T). This is very similar to the proof of [PV08b, Lemma 5.6]. Denote by (e i ) i=1,...,n the standard basis vectors in R n . The orbit of (e 1 , e 2 ) ∈ R n × R n under the diagonal SL n (R)-action has complement of measure zero. Hence we can identify SL n (Z) X 2 with SL n (Z) SL n (R)/H 0 × X × X where H 0 = Stab SLn(R) (e 1 , e 2 ). Now by [PV08b, Proposition 3.5] SL n (Z) X 2 has property (T) if and only if H 0 SL n (Z)\SL n (R) × X × X has property (T). But SL n (Z)\SL n (R) × X × X is a probability space, and as H 0 has property (T), so does the action
We still need to show that SL n (Z) X 4 is ergodic. From [PV08b, Lemma 5.6] we know that SL n (Z) (R n ) 4 is ergodic. In fact this action is properly ergodic. Now SL n (Z) (Z n p ) Γ is mixing and hence mildly mixing. It follows from Proposition 9 that SL n (Z) X 4 is ergodic.
with values in a Polish group of finite type. By the previous paragraphs, we may assume that
where we write (a, b) in the i th row.
where H i is the group of matrices in SL n (Z) that leave all vectors (a, b) i invariant. One easily sees that this means the i th column of the matrix has to be the i th unit vector. Note that H i is isomorphic to SL n−1 (Z) ⋉ Z n−1 .
By Lemma 12 it now suffices to prove that H i X 2 is ergodic for all i to get that ω is a group morphism on (Z[
But as H i acts mixingly on (Z n p ) Γ , by Proposition 9 it suffices to prove that H i (R n ) 2 is properly ergodic.
We show that H 1 (R n ) 2 is properly ergodic. Let F : R n × R n → R be an H 1 -invariant function. For all x 1 , x n+1 ∈ R, the map F x 1 ,x n+1 : R n−1 × R n−1 → R : (x 2 , . . . , x n , x n+2 , . . . , x 2n ) → F (x 1 , . . . , x 2n ) is SL n−1 (Z)-invariant. By ergodicity of the diagonal action SL n−1 (Z) (R n−1 ) 2 (see [PV08b, Lemma 5.6]) we find that F x 1 ,x n+1 is essentially constant for all x 1 , x n+1 ∈ R, say c x 1 ,x n+1 . Set E : R 2 → R : (x 1 , x n+1 ) → c x 1 ,x n+1 . Then for almost all (x 1 , x n+1 ) ∈ R 2 , for almost all (x 2 , . . . , x n , x n+2 , . . . , x 2n ) ∈ R n−1 × R n−1 and for all a 2 , . . . , a n ∈ Z we have E(x 1 , x n+1 ) = F (x 1 , . . . , x 2n ) = F (x 1 + a 2 x 2 + . . . + a n x n , x 2 , . . . , x n , x n+1 + a 2 x n+2 + . . . + a n x 2n , x n+2 , . . . , x 2n ) = E(x 1 + a 2 x 2 + . . . + a n x n , x n+1 + a 2 x n+2 + . . . + a n x 2n ) .
Hence E is essentially constant. It follows that F is essentially constant. Furthermore it is clear that any H 1 -orbit is negligible. So H 1 (R n ) 2 is properly ergodic. The same reasoning holds for all i, so that ω is a group morphism on (Z[
by Lemma 12 it suffices to prove that the diagonal action (Z[
So H is Σ-invariant. As Σ acts on ((Z n p ) Γ ) 2 mildly mixingly, it suffices to see that Σ R n is ergodic. But this is true, as SL 2 (Z) R 2 is ergodic.
So we have shown that (Z[ 
. But this implies that N 1 ∩ Γ 0 is compact, as the pushforward of the invariant probability measure on [0, 1] n times(Z n p ) Γ is an invariant probability measure on N 1 ∩ Γ 0 . So N 1 ∩ Γ 0 is finite. Being an icc group, Γ has no non-trivial finite normal subgroups. As N 1 ∩ Γ 0 is normal in Γ, it has to be trivial. Now take xg ∈ N 1 where x ∈ P, g ∈ Γ. Then for all λ ∈ Γ 0 we have
So λgλ −1 = g for all λ ∈ Γ 0 , hence g = e. We have found that N 1 ⊳ P .
As
By Lemma 20, N 3 is either {0}, (aZ) n for some a ∈ Z[
As N 2 has finite index in N 1 and N 1 X has finite covolume, also N 2 X has finite covolume. So N 3 = {0}. We conclude that N 3 = (aZ) n for some a ∈ Z[
In particular we found N 2 < N 1 such that N 2 and N = Z n × Z n p are commensurate. But as N 2 has finite index in N 1 , this implies that N 1 and N are commensurate. It follows that
As N and N 1 are commensurate, both Im(p 1 ) and Im(p 2 ) are finite abelian normal subgroups
So we see that
[N :N ∩N 1 ] = p kn for some k ∈ Z. Since F(R 2 ) is the group generated by the compression constants of stable orbit equivalences between R 2 and itself, we find that
To prove the other inclusion remark that 
A cocycle superrigidity theorem
We prove the following twisted version of Popa's cocycle superrigidity theorem [Po05, Theorem 5.5] for Bernoulli actions of groups admitting an infinite rigid subgroup that is wq-normal (see the discussion preceding Lemma 16 for the terminology).
The theorem is an adapted version of [SV11, Theorem 11] for generalized 1-cocycles.
Definition 22. Let (σ g ) g∈Γ be an action of a countable group Γ on a von Neumann algebra N . Let q ∈ N be a projection. A generalized 1-cocycle for the action (σ g ) g∈Γ on N with support q is a family of partial isometries (γ g ) g∈Γ in qN σ g (q), satisfying γ g γ * g = q, γ * g γ g = σ g (q) and
For any von Neumann algebra M we denote by M ∞ the von Neumann algebra M ∞ := B(ℓ 2 (N)) ⊗ M . 
where Z acts on X by translation after embedding by i. Denote by (σ g ) g∈Γ the action of Γ on N such that σ g is the Bernoulli shift on L ∞ (X) and is given by α g on LZ. Let p ∈ N be a non-zero projection.
• Assume that q ∈ (LZ) ∞ is a projection and that (γ g ) g∈Γ is a generalized 1-cocycle for the action of Γ on (LZ) ∞ with support q. Assume that v ∈ B(C, ℓ 2 (N)) ⊗ N is a partial isometry satisfying v * v = p and vv * = q. Then the formula
defines a generalized 1-cocycle (ω g ) g∈Γ for the action (σ g ) g∈Γ on N with support p.
• Conversely, every generalized 1-cocycle for the action (σ g ) g∈Γ on N is of the above form with γ being uniquely determined in the following sense: if (γ g ) g and (ϕ g ) g both satisfy (9), then there is a unitary u ∈ (LZ) ∞ such that
Proof. It is clear that the formulae in the theorem define generalized 1-cocycles. Conversely, let p ∈ N be a projection and assume that the partial isometries (ω g ) g∈Γ define a generalized 1-cocycle for the action (σ g ) g∈Γ on N with support p. Denote by
) the trace preserving conditional expectation of N onto its center. Since p and
where τ denotes the tracial state on N . But then p is equivalent in N to any projection in LZ of trace τ (p). So we may assume that p ∈ LZ.
Consider the action Z X × K given by
We embed N ⊂ N by identifying the element F u z ∈ N with the element (F ⊗ 1)u z ∈ N whenever F ∈ L ∞ (X), z ∈ Z. Also (σ g ) g∈Γ extends naturally to a group of automorphisms of N with σ g (1 ⊗ F ) = 1 ⊗ (F • α g −1 ) for all F ∈ L ∞ (K). Define P = L ∞ (K) ⋊ Z. View P as a subalgebra of N by identifying the element F u z ∈ P with the element (1 ⊗ F )u z ∈ N whenever F ∈ L ∞ (K), z ∈ Z. Remark that the restriction of σ g to P is given by σ g (F u z ) = (F • α g −1 )u αg (z) for all F ∈ L ∞ (K), z ∈ Z.
Denote by R the hyperfinite II 1 factor. Let r ∈ R be a projection of trace τ (p). Recall that p ∈ LZ. Denoting by E Z(P ⊗R) : P ⊗ R → L ∞ (K/i(Z)) ⊗ 1 the trace preserving conditional expectation of P ⊗ R onto its center, we have that E Z(P ⊗R) (1 ⊗ r) = E Z(P ⊗R) (p ⊗ 1) = τ (p). It follows that 1 ⊗ r and p ⊗ 1 are equivalent in P ⊗ R. Take u ∈ P ⊗ R with uu * = 1 ⊗ r and u * u = p ⊗ 1. Now view u and ω g in N ⊗ R and define ν g := uω g (σ g ⊗ id)(u * ) ∈ U (N ⊗ rRr) .
One verifies that ν g is a 1-cocycle for the action (σ g ⊗ id) g∈Γ on N ⊗ rRr, i.e. a family of unitaries satisfying ν gh = ν g (σ g ⊗ id)(ν h ) for all g, h ∈ Γ.
Define ∆ : X × K → X × K by ∆((x g ) g , k) = ((α g (k)x g ) g , k) and denote by ∆ * the automorphism of L ∞ (X × K) given by ∆ * (F ) = F • ∆ −1 . One checks that the formula Φ : L ∞ (X) ⊗ P → N : Φ(F ⊗ Gu z ) = ∆ * (F ⊗ G)u z for all F ∈ L ∞ (X), G ∈ L ∞ (K) and z ∈ Z, defines a * -isomorphism satisfying Φ • (σ g ⊗ σ g ) = σ g • Φ for all g ∈ Γ. Define Ψ = Φ ⊗ id R : L ∞ (X) ⊗ P ⊗ R → N ⊗ R .
Put µ g := Ψ −1 (ν g ). It follows that (µ g ) g∈Γ is a 1-cocycle for the action (σ g ⊗ σ g ⊗ id) g∈Γ on L ∞ (X) ⊗ P ⊗ rRr. By Popa's cocycle superrigidity theorem [Po05, Theorem 5.5] and directly applying Ψ again, we find a unitary v ∈ U (N ⊗ rRr) and a 1-cocycle δ g ∈ U (P ⊗ rRr) for the action (σ g ⊗ id) g∈Γ on P ⊗ rRr such that ν g = v * δ g (σ g ⊗ id)(v) for all g ∈ Γ.
Define w := u * vu and ρ g := u * δ g (σ g ⊗ id)(u) for all g ∈ Γ. Then w ∈ U (pN p ⊗ R). Furthermore ρ g ∈ pP σ g (p) ⊗ R is a family of partial isometries satisfying ρ g ρ * g = p ⊗ 1, ρ * g ρ g = σ g (p) ⊗ 1 and ρ gh = ρ g (σ g ⊗ id)(ρ h ) such that ω g = w * ρ g (σ g ⊗ id)(w) for all g ∈ Γ .
Consider the basic construction for the inclusion N ⊂ N ⊗ R denoted by N 1 := N ⊗ R, e N . Put T := we N w * . Since σ g (w) = ρ * g w ω g , it follows that σ g (T ) = ρ * g T ρ g . Also note that T ∈ L 2 (N 1 ), that T = pT and that Tr(T ) = τ (p).
Define for every finite subset F ⊂ Γ, the von Neumann subalgebras N F ⊂ N and N F ⊂ N given by
For every finite subset F ⊂ Γ, we have the following commuting square
Remark furthermore that N (N F ⊗ R) is dense in N ⊗ R. It follows that we can identify the basic construction N F ⊗ R, e N F for the inclusion N F ⊂ N F ⊗ R with the von Neumann subalgebra of N 1 generated by N F ⊗ R and e N . Remark that for F = ∅, we get that the basic construction P 1 := P ⊗ R, e LZ is isomorphic to the von Neumann subalgebra of N 1 generated by P ⊗ R and e N . Denote by · 2 the 2-norm on L 2 (N 1 ) given by the semi-finite trace. Under this identification we have
Note that P ⊗ R, e LZ ⊂ N F ⊗ R, e N F for all F ⊂ Γ. Denote by E F the trace preserving conditional expectation of N 1 onto N F ⊗ R, e N F Choose ε > 0. Take a large enough finite subset F ⊂ Γ such that T − E F (T ) 2 < ε .
Since T = ρ g σ g (T )ρ * g , we get that T − ρ g σ g (E F (T ))ρ * g 2 < ε. As ρ g ∈ P ⊗ R, it follows that T lies at distance at most ε from N F g −1 ⊗R, e N F g −1 . Since T also lies at distance at most ε from · 2 the 2-norm on N ∞ given by the semi-finite trace Tr ⊗τ . Take a large enough finite subset F ⊂ Γ such that v 1 v * − (id B(ℓ 2 (N)) ⊗Ẽ F )(v 1 v * ) 2 < ǫ .
Since v 1 v * = ϕ g σ g (v 1 v * )γ * g , we also get that
Recall that ϕ g , γ * g ∈ (LZ) ∞ . Similarly as above we conclude that v 1 v * lies at distance at most 2ǫ from (LZ) ∞ . Since ǫ > 0 is arbitrary, it follows that v 1 v * ∈ (LZ) ∞ , providing the required unitary conjugacy between γ and ϕ.
